Abstract. An algebraic duality theory is developed between 1-connected minimal cochain algebras of finite type and connected minimal chain Lie algebras of finite type by means of twisting cochains. The duality theory gives a concrete relationship between Sullivan's minimal models, Chen's power series connections and the various Lie algebra models of a 1-connected topological space defined by Quillen, Allday, Baues-Lemaire and Neisendorfer. It can be used to compute the Lie algebra model of a space from the algebra model of the space and vice versa.
1. Introduction. Baues and Lemaire [2] have developed an algebraic duality theory between 1-connected minimal cochain algebras of finite type and connected minimal chain Lie algebras of finite type. The duality theory gives a one-to-one correspondence between isomorphism classes of 1-connected minimal cochain algebras of finite type and isomorphism classes of connected minimal chain Lie algebras of finite type. If the cochain algebra 911 corresponds to the chain Lie algebra L under the duality theory, then there are natural, nonsingular pairings (see [6, 15] ). The primitive elements LK of Chen's algebra model of K (see [5, 18] ) is a connected minimal chain Lie algebra of finite type which has the properties ß9HJC«Homz(^(A')>Q) and H*(m,K) ~ H*(K;Q) (see [6, 15] ). The Lie algebra model of K obtained by using K. T. Chen's method of power series connections (see [5, 18] ) is a minimal chain Lie algebra which has the properties sH,(Lk)~it*(K)®zQ and sQLK~Hm(K;Q).
(Similar Lie algebra models have been studied by Quillen [14] , Allday [1] , Baues and Lamaire [2] and Neisendorfer [13] .) Under the duality theory, 911^ and LK correspond, and the pairings (1.1) and (1. A direct consequence of the duality theory is that Chen's model of a 1-connected space K with finite Betti numbers is isomorphic to the minimal model of the Ê-construction £(91t£) on the dual of Sullivan's model 911^ of K.
Given a 1-connected minimal cochain algebra 9H of finite type, the twisting cochain u and the corresponding Lie algebra L can be computed inductively from 9H and vice versa (Theorem (3.7)). Our approach eliminates Quillen's £-and 6-constructions from the duality theory and, in the author's opinion, makes the computation of the correspondence and the pairings (1.1) and (1.2) simpler and more tractable than when using the Baues-Lemaire approach.
Independently, Tanré [19, 20] has obtained results that relate Chen's power series connections and Chen's Lie algebra model of a space to other algebraic models of the space. Specifically, he has shown that there is a natural one-to-one correspondence between power series connections on a cochain algebra 6E and Felix-HalperinStasheff (F.H.S.) models (AZ, d) -» (Î of & (see [17] ). In the case when & is the de Rham complex of a wedge of spheres, the F.H.S. model of & equals the Sullivan model of 6£ and Tanré's result and ours coincide. It also follows from Tanré's result that Chen's algebra model of a space is isomorphic to the Adams-Hilton model of the space. Tanré's methods are similar to ours.
Let K be a 1-connected rational space with finite Betti numbers. In [18] , it is proved that elementary extensions of Chen's Lie algebra model of K correspond to cofibrations K -> K U^-e^ where e"0) is a rational cell of dimension n (that is, the cone over a rational (n -1) sphere 5(u)_1) and where/",: Hn_l(S^tyX) -» Hn_x(K) is trivial. Thus Chen's Lie algebra model of K determines a rational homology decomposition of K. Since Sullivan's model of K determines a Postnikov tower of K, the duality theory gives a method of computing the rational cell structure of K from a Postnikov tower of K and vice versa. This result is related to the Baues-Lemaire conjecture [2] which asserts that the minimal model of Quillen's Lie algebra model of K (see [1, 11] ) is isomorphic to the minimal model of the £-construction £(91t£) on the dual of Sullivan's model GJ\LK of K.
The results in this paper are excerpted from the author's Ph.D. thesis [8] which was supervised by Professor Kuo-Tsai Chen to whom the author wishes to express License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use his sincere gratitude for guidance and encouragement given during the preparation of the thesis.
The first four sections of this paper are elementary and self-contained. §2 is a list of notation and conventions used in this paper. In §3 connections on cochain algebras and chain Lie algebras are defined and their existence is proved. In §4 we state the main theorem of this paper and discuss its topological implications. §5 contains a proof of the main theorem.
2. Notation and conventions. A graded vector space V is a sequence {Vp} of Q-vector spaces where p runs through the integers Z. The degree of an element v of V will be denoted by deg t;. The graded vector space is said to be of finite type if each V has finite dimension. Let r E Z. We say that V is /--connected if Vp -0 whenever p < r. The r-fold suspension srV of F is the graded vector space defined by (srV) -Vp_r. The ground field Q will be considered as a graded vector space concentrated in degree zero.
For a differential graded (d.g.) vector space V and a cycle v in V, we shall denote the homology class of v by {v}.
A cochain algebra is a differential graded algebra whose differential has degree + 1. That is, & is a cochain algebra with differential d and if a E @,p and b E &g, then a Ab = (-!)"% A a,
and, in addition, there is a d.g. algebra map e: & -» Q of degree 0. The kernel of e is called the augmentation ideal of â and will be denoted by la. The rth power of I& will be denoted by Ir&. The space of indécomposables of 6B is the d.g. vector space Iâ/I2â and will be denoted by Qâ. Let r be a nonnegative integer. We say that â is /•-connected if the graded vector space I& is /--connected.
We shall denote the free graded commutative algebra generated by the graded vector space V by A(F). That is, A(F) is the tensor product of the polynomial algebra generated by the elments of V of even degree with the exterior algebra generated by the elements of V of odd degree. The free graded commutative algebra generated by the graded set {x,, x2,...} will be denoted by A(x,, x2,...).
A chain Lie algebra is a graded Lie algebra whose differential has degree -1. That is, if L is a chain Lie algebra with differential 3 and if A' G Lp, Y E Lq and Z G Lr, then
The subspace [L, L] of L will be denoted by I2L. For r > 2 set VL = [L, V~XL\.
The space of indécomposables of L is the d.g. vector space L/I2L and will be denoted by QL. Let r be a nonnegative integer. A chain Lie algebra is said to be /--connected if it is /--connected as a graded vector space.
The free graded Lie algebra generated by the graded vector space V will be denoted by L(F). The free graded Lie algebra generated by the graded set {Xx, X2,...} will be denoted by L(XX, X2,...). 3 . Connections. Twisting cochains are the backbone of the duality theory. As they are viewed in this paper, they provide a concrete means for computing the minimal chain Lie algebra L that corresponds to a given minimal cochain algebra 911, and vice versa, as well as the associated pairings QGJt®sHit,(L)-*Q, IH*(°hl) ® sQL -Q.
The twisting cochains that arise in the duality theory are called connection forms, the terminology used by Chen in the analogous topological situation [4, 5] . If 6E is of finite type, then Hom($,Q) is a d.g. coalgebra and the map t": Hom(6E,Q)-> L defined by Tu(<p) = 2 <p(a,.)y4,., where w = 2a,vt, and tp G Hom(£,Q), is a twisting cochain in the sense of Brown [3] . For our purposes there are two advantages in representing twisting cochains as elements of 6E ® L rather than as functions. The first is that, in our context, it is more natural to deal with &,, usually a minimal cochain algebra of a de Rham complex, than its dual. Second, twisting cochains take on a very explicit form when written as elements of 6B ® L. This is an advantage, especially in computations.
The association between a minimal cochain algebra and a minimal chain Lie algebra is made by means of a connection. In the dual situation, a connection (911,(0) on a connected chain Lie algebra L defines a nonsingular pairing (3.5) QGJl®sH*(L)^Q.
Because the pairing is nonsingular, it follows that as a graded algebra 'Dit« A(sHom(H^(L),Q)).
To prove the existence of a connection on a cochain algebra éE, we have to define a suitable differential on L = h(s~x Hom(IH*((t),Q)) and a connection form in â ® L. Dually, to prove the existence of a connection on a chain Lie algebra L we have to find a suitable differential on 911 = A(sHom(H*(L),Q)) and a connection form in 911 ® L. The following theorem asserts that connections always exist. Its proof is constructive. First we recall the definitions of minimal cochain algebras and minimal chain Lie algebras.
(3.6) Definitions, (a) A connected cochain algebra 91L is said to be a minimal cochain algebra if:
(i) 9H is a free graded commutative algebra,
-algebras of 91L such that d91t" C 91ln", and LT=, 91L" = 91L.
When 911 is 1-connected (iii) follows from (ii). (b) A chain Lie algebra L is said to be a minimal chain Lie algebra if: (i) Lp = 0 whenever p < 0,
(ii) L is a free graded Lie algebra, (iii) its differential 3 is decomposable; that is, 3L C [L, L\.
(3.7) Theorem, (a) Every cochain algebra with l-connected homology of finite type has a connection. The chain Lie algebra associated to such a cochain algebra by a connection is a connected minimal chain Lie algebra.
(b) Every chain Lie algebra with connected homology of finite type has a connection. The cochain algebra associated to such a chain Lie algebra by a connection is a l-connected minimal cochain algebra.
Proof. We prove only (b). The proof of (a) is an algebraic analogue of Chen's proof of Theorem 1.3.1 in [4] and is dual to the proof of (b). Gugenheim has proved an assertion similar to (a) in [7] .
Let L be a chain Lie algebra with connected homology of finite type. Set Each element p of 791L ® L can be written uniquely in the form 2/egx/i7/ where U, G L. We shall denote by p(n) the " truncation" 2"<" 2/eg(/)) x,U, of p. (b) The minimal chain Lie algebra associated to a l-connected minimal cochain algebra of finite type by a connection is unique up to an isomorphism that preserves the pairings (3.4) and (3.5) defined by the connection form. Dually, the minimal cochain algebra associated to a connected minimal chain Lie algebra of finite type is unique up to an isomorphism that preserves the pairings (3.4) and (3.5) defined by the connection form. D
In the case when the minimal chain Lie algebra L is associated to the minimal cochain algebra 91L by a connection (equivalently, 9H is associated to L via a connection) we shall say that there is a connection between 9H and L. It is easy to check that p induces an isomorphism on cohomology in degrees < 9. Consequently, there is an inclusion of 911' into the minimal model 91L of 6B that is an isomorphism in degrees < 8.
The method we use to compute the pairing ß91L ® H^(L) -» Q in degrees « 8 is to find an element u' of 911' ® L that is an "approximation" to a connection form in 91L ® L. Specifically, we will find an element «' of 91L ® L such that there exists a connection form ü in 91L ® L such that u = u' mod ©(91Li'®L/,_1).
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The procedure for doing this is to find a sequence (u'r)r>x of elements of 91L ® L such that: If Tí" is a 1-connected rational space with finite Betti numbers, then 911^ determines the Postnikov tower of K [6, 15] and LK a homology decomposition of K [13, 18] . The topological implication of Theorems (3.7) and (4.1) is that we can inductively compute the ^-invariants of K from the characteristic maps of a homology decomposition of K and vice versa (see [8 or 10] for example). [9] and Baues and Lemaire [2] . We begin by reviewing the basic properties of Quillen's £ and 6-constructions. Good references for this material include [2] and [13] as well as Appendix B of Quillen's paper [14] .
A chain coalgebra is a d.g. coalgebra C with a differential 3 of degree -1 and a coaugmentation tj: Q -> C We shall denote the cokernel of tj by C and the image in C of an element c of C by c. The set oí primitive elements (cGC:Ac = c®l + l ® c) of C will be denoted by 7>C. We say that C is /--connected if the graded vector space C is /--connected. A chain coalgebra C is commutative if Ac= 2a,®¿>,= 2(-l)de8a'deê^,®a,.
for all c EC.
Let C be a commutative chain coalgebra. The £-construction on C is a chain Lie algebra £(C) that, as a Lie algebra, is isomorphic to L(s~ XC). As a d.g. vector space, Q£(C)~s~xC.
Let L be a chain Lie algebra. The ß-construction on L is a cocommutative chain coalgebra Q(L) that, as a coalgebra, is isomorphic to the symmetric coalgebra S(sL) on sL. As a d.g. vector space, Pß(L) is isomorphic to sL.
There is a canonical inclusion i: s~xC -* £(C) that corresponds to the canonical inclusion s~xC -» h(s~xC). There is a canonical projection p: Q(L) -> sL that corresponds to the canonical projection of S(sL) onto sL. In general, neither / nor p is a d.g. vector space map.
The basic properties of the £-and 6-constractions are summarized by the following theorem. [5] in the real case, and Theorem (6.9) in [18] in the rational case, that the universal enveloping algebra of Chen's Lie algebra model of a space is isomorphic to the Adams-Hilton model of the space (defined in [2] ). This fact, together with (5.7) provides a correct proof of Proposition (3.6) in [2] .
